Continuous Sobolev functions with singularity
on arbitrary real-analytic sets

Yifei Pan and Yuan Zhang

Abstract

Near every point of a real-analytic set in R", we make use of Hironaka’s resolution of
singularity theorem to construct a family of continuous functions in VV;)C1 such that their
weak derivatives have (removable) singularity precisely on that set.

1 Introduction

Given a domain U in R™,n > 1, denote by I/Vl]f)f(U ) the Sobolev space consisting of functions on
U whose k-th order weak derivatives exist and belong to L] (U), k € Z*,p > 1. In this note,
we investigate a Sobolev property for the reciprocals of logarithms of the modulus of real-analytic

functions near their zero sets. Namely, given a real-analytic nonconstant function f on U, consider

1
V=
In | f]

As we are solely interested in the Sobolev behavior of v near f = 0, and additional singularity
would be introduced near |f| = 1, we further assume, say, |f| < 3 on U. Consequently v is
continuous on U. Moreover, letting f~'(0) be the zero set of f in U, then v|z-19) = 0, and v is
differentiable on U\ f~!(0). Note that codimg f~(0) > 1 in general.

According to a classical result of Stein [5, pp. 171], In|f| € BMO for any polynomial f.
On the other hand, a recent work [6] by Shi and Zhang showed that for a real-analytic f on
U, if codimgf~'(0) > 2, then In|f| € W (U). It is important to note that this codimension
assumption is essential and can not be dropped. In comparison to this result, although v in (1.1)
exhibits slightly greater regularity than In|f|, our first main theorem shows that v belongs to

WEH(U) regardless of the codimension of f~(0).

loc

on U. (1.1)

Theorem 1.1. Let U be a domain in R, n > 1. Let f be a real-analytic nonconstant function on
U and |f] < % on U. The following statements hold.

1). i € Wi (U).

loc

2). If codimg f~(0) = 1, then h1_1|ﬂ ¢ WEP(U) for any p > 1.

loc

The main idea of the proof is to use the coarea formula to transform the integrals under
consideration into new ones along level sets of the function f. The L!-integrability and the L?-
nonintegrability for p > 1 that we seek are thus consequences of certain quantitative properties
of the level sets of f, which can be conveniently established by utilizing the powerful Hironaka’s
resolution of singularity theorem and the Lojasiewicz gradient inequality. A novelty of Theorem
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1.1 is to provide ample I/Vl})cl functions. For instance, hllliw € I/Vlloc1 for any polynomial P near its
zeros. It is also interesting to point out that Theorem 1.1 indicates that Sobolev spaces in general
do not satisfy an openness property, in the sense that there exists a class of functions in WZIZCP(U )
for some p > 1 but not in I/VZIZ’C"(U ) for any ¢ > p.

Unfortunately our method can not be applied directly in the smooth category, due to the
absense of a Hironaka-type resolution property for smooth functions. It is natural to wonder if

there is an easy way to verify the optimal Sobolev property of v, say, for any finitely vanishing
. : . . . 1 _1 Lo
smooth function f. For instance, consider the function f(z,y) := y* — sin (eﬂr) e =%, which is

smooth near 0 C R? and vanishes to second order at 0. It turns out, with a straight-forward
computation, that ﬁ € Wt near 0.

As a consequence O% Theorem 1.1, the weak derivative Vv exists on U. Specifically, this implies
that the singularity set f~1(0) of Vv in the classical sense is actually a removable singularity in the
weak sense. In other words, Theorem 1.1 allows us to construct, for any given real-analytic set, a
continuous function in I/Vlloc1 such that its weak derivative have a removable singularity precisely

on that set.

Corollary 1.2. Let A be a real-analytic set in R™. For every p € A, there exists an open neigh-
borhood V' of p and a continuous function u € I/Vlicl(V), such that the set of removable singularity
of Vuis ANV.

Finally, we study the Sobolev property of v in the special case when f is a holomorphic function
on U C C". Note that in this case codimg f~1(0) = 2 unless f # 0 on U.

Theorem 1.3. Let U be a domain in C™. Let f be a holomorphic nonconstant function on U and
Ifl < % on U. The following statements hold.
1). i € Wige (U).

loc

2). If f71(0) # 0, then 1n_1\f| ¢ WEP(U) for any p > 2.

Corollary 1.4. Let A be a complex analytic set in C". For every p € A, there exists an open
netghborhood V' of p and a continuous function u € VVZIOCQ(V), such that the set of removable
singularity of Vu is ANV.

In view of Theorem 1.1 and Theorem 1.3, it seems to have suggested a correlation between
the codimension of the level sets and the Sobolev integrability index. Thus, one may ask whether
v e WhU(U) if codimg f~1(0) = d for some 0 < d < n. Unfortunately we do not have an answer
to this question in general.

2 Proof of Theorem 1.1

Recall that the coarea formula states that, given ¢ € L'(U), and a real-valued Lipschitz function
fon U, then

[ ewrws@iav= [ [ ois. 2.)

Here given t € R, S, is the (n — 1)-dimensional Hausdorff measure of the level set f~1(¢) of f
defined by

1) ={zeU: f(x)=t}.



Towards the proof of the main theorems, we shall fix the real-analytic (or holomorphic) function
f and use the following notation: two quantities A and B are said to satisfy A < B, if A < CB
for some constant C' > 0 which depends only on f under consideration. We say A 2 B if and only
if B< A, and A= B if and only if A < B and B < A at the same time.

Given a set A C R", denote by m(A) the Hausdorff measure of A at its Hausdorff dimension.
We first utilize Hironaka’s resolution of singularity theorem to show the Hausdorff measure of
level sets of real analytic functions is bounded (from above). This will be essential in proving a
Harvey-Polking type removable singularity lemma for the weak derivatives of v.

Theorem 2.1. [1] Let f be a real-analytic nonconstant function defined near a neighborhood of
0 € R". Then there exists an open set U C R" near 0, a real-analytic manifold U of dimension n
and a proper real-analytic map ¢ : U — U such that

1). ¢: U\f—1(0)~—> U\ f~10) is an isomorphism, where f~1(0) := {p € U : ¢(p) € f~1(0)}.
2). For each p € U, there exist local real-analytic coordinates (y,...,y,) centered at p, such that
near p one has

fooly) =uly) Ty,
where u is real-analytic and uw # 0, k; € ZT U {0}.

Lemma 2.2. Let f be a real-analytic nonconstant function on U. Then
m(f7' () S 1 forall |t] << 1.

Proof. Without loss of generality, assume 0 € U and f(0) = 0. Under the set-up of Hironaka’s

resolution Theorem 2.1, for every p € f~1(0), let (V,w) be a coordinate chart near p in U such
that for y € ¥(V) C R",

fod(y):=Ffopoy(y) =uly) Iy

By properness of ¢, V := $(V) is an open subset of U near ¢(p). Since ¢ is smooth on U, by
shrinking U if necessary, ® : ¢(V) — V is smooth up to the boundary of ¢(V'). By change of
coordinates formula,

m(f)nV) :/ dSy :/ P*dS, 5/ ds,.
{f(z)=t}np(V) {fo®(y)=t}Np(V) {fod(y)=t}n(V)

Thus, in view of this and the fact that u # 0 on U, the proof boils down to showing that the
(n — 1) dimensional Hausdorff measure

m(A™(t)) <1 forall 0<t <<, (2.2)

where
Aty ={yeR" Iyl =t,0<y; <1,i=1,...,n}. (2.3)
Here the constant multiple for ” <” in (2.2) is only dependent on k;,i = 1,...,n. Clearly, one only

needs to prove the case when all k; > 0. Let k= """ | k;.
We shall employ the mathematical induction on the dimension n to prove (2.2) for all level sets
in the form of (2.3). The n = 1 case is trivial. Assume the n = [ case holds. Namely, for every



level set A'(t) in R defined by (2.3), m(A!(t)) <1 for 0 <t << 1. When the dimension n equals
[ + 1, one first has
AT () c UFEL AT (1),

where for each j =1,... 1+ 1,
1 P . ) —k;
Agﬂ(t) = {y ERM <y < 1,0 <y < 1ifd # j,and Tcicppr iyl = ty, J} .

Since Aé-ﬂ(t) is a finite union of smooth hypersurfaces in R“*! away from a set of dimension [ — 1,
by Fubini’s theorem, the [-dimensional Hausdorff measure

1
I+1 o
m(Aj (t))—/l/ e . ‘ngjdyj,
tk JIh<i<ig1,ii¥;  =ty; 7 0<y;<1,i#j

and thus the [-dimensional Hausdorfl measure

1
1 / k; —k; L.
th JIh<i<iq1,iiy; =ty; °,0<yi<li#j
N !
Further denote 9; :== (y1,...,¥j—1, Yj+1, - -, Yi+1) € R,
—k
thi=ty; ",

and

Aé’(t,) = {g; €R":0<y; <1,i# jand Hl1§i§l+1,i;éjyzki =1}

k.
Noting that ¢’ < ¢!~ % when Y > t%, we obtain from (2.4)

m (A" (1) < (1— t¥) Z sup. m (A%(t) -

J— _ 27
=L gcpr =%

kA
On the other hand, since k; < k, one has t'=% << 1 when t << 1. By the induction assumption
and the fact that AL(#') is in R,

sup m (AL(#) S 1 forall 0<t<<1.
O<t/<t'™ %
This finally gives
m (AlH(t)) S1 forall 0<t << 1.

The lemma is proved. O

Lemma 2.3. Given a real-analytic nonconstant function f on U with |f| < & on U, let v be

2
defined in (1.1), and
g:= VS on
- S (nff))?
Then g € L} (U). Moreover, one has

loc

U. (2.5)

Vv=g on U

in the sense of distributions.



Proof. First, we show that g € L} (U). Since f is real-analytic on U, shrinking U if necessary,
one can assume f to be (globally) Lipschitz on U. Making use of the coarea formula (2.1), one

gets
T VI d
qu /v Mfﬂ)%

_ [P mU®)
/é/fla) !f(:v)!(ln!f(:v)lfdsxdt_/1 T

Lemma 2.2 further allows us to infer

1
21 <1
AV, < —dt = —d
[lawlav. s [ iita= [~ i <o

Next, we show that given any testing function n € C°(U),

—/UvVn:/Ung. (2.6)

Since v is differentiable away from f~1(0), a direct computation gives

Vo=g on U\ f0). (2.7)

In particular, (2.6) is trivially true if K := f~*(0) N supp n = 0.
If K # (), given € > 0 let
K. :={x e U:dist(x,K) < €},

where dist(x, K) is the distance function from x to the set K. Let p. € C*°(U) be such that
pe=0in K., p. =1in U\ K3, and |[Vp.| <2 on U. See, for instance, [2, Theorem 1.2.1-2]. Then
pn € CX (U \ f71(0)). Using (2.7) we 1mmed1ately have

- / vV (pen) = / penNg,
U U
—/vane—/vaVn:/peng. (2.8)
U U U

lim [ vnVp. = 0. (2.9)

e—0 U

or equivalently,
We shall prove

If so, then passing ¢ — 0 in (2.8), we obtain the desired equality (2.6) as a consequence of
Lebesgue’s dominated convergence theorem.
To prove (2.9), first by the assumption on p,

C
/ 0 / Ve < € / o (2.10)
U K3€\K€ € KSE\Kg

for some constant C' dependent only on 7. Since f is Lipschitz on U, for any zy € f~%(0),
|f(x)] = |f(z) — f(zo)| S |z — x0|. In particular,

[f(2)] S dist (z, f71(0)) -
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Thus for all x € K3, \ K, (equivalently, € < dist (z, f~1(0)) < 3¢), one has
1 1 1
o) = S ~

I [f(2)|] ™ [In(dist (z, f71(0))) |~ [Ine|
for all € small enough. Hence by (2.10)

(2.11)

On the other hand, according to a nontrivial result of Loeser (see [3, Theorem 1.1] and its conse-

quent Remarks),
m(ng) < €codime_l(O) < e

Here the last inequality has used the fact that codimg f~!(0) > 1 due to the real-analyticity of f.
The equality (2.9) follows by combining the above with (2.11). O

Proof of Theorem 1.1: Since |f| < %, we have |In|f|| > In2 and so |v| < 5 € L>®(U). Part 1)
follows from this and Lemma 2.3. For part 2), we only need to show that the function ¢g defined
in (2.5) does not belong to L} for any p > 1 near any neighborhood of f~1(0).

First, according to the Lojasiewicz inequality, by shrinking U if necessary, there exists some
constant 5 € (0, 1) such that

V@) 2 f@)P, zeU. (2.12)
As a consequence of this,
V()] V()]
Vu(z)[PdV, = dv, > dv,.
/U' o) / V(@) [~ f (@)l [In | £ ()| o 1 £ (@)~ ®=D8 [In £ ()]

Utilizing the coarea formula, we have for some ¢, > 0,

€0 —1
[z [* [ s [ _mOL
. o T @ o 107005 1]

Since codimg f~1(0) = 1, there exists some xq € f~1(0)NU, such that |V f(xq)| # 0. Let V be a
neighborhood of zg in U such that |V f| 2 1 on V. Then for all ¢ small enough, m (f~'(t)NV) > 1
Consequently, m (f~1(t)) = 1 for 0 < t << 1. Thus

€0 1
PAV, 2 dt
/(\] |V'U<x)| ~ /0 tp*(pfl)ﬁ ‘lnt’2p

Note that p — (p — 1) > 1 necessarily when p > 1 and § < 1. Hence the last term is unbounded.
The proof is complete. O

Proof of Corollary 1.2: Since A is real-analytic, there exists an open neighborhood V' C R" of p
and some real-analytic function f on V such that ANV ={x € V : f(x) = 0}. Then u = m;m is
the desired function satisfying the assumptions. O]

For functions (such as In | f|) with singularities, its composition with another logarithm typically
exhibits reduced singularities. The following theorem shows that composing extra logarithms does
not improve Sobolev regularity in general.



Theorem 2.4. Let U be a domain in R",n > 1. Let [ be a real-analytic nonconstant function on
U and \f| < 15 on U. The following statements hold.

1) In( ln\f| € W11<U)

loc

2). If codimg f~1(0) = 1, then ; 1n|f\ ¢ WEP(U) for any p > 1.

loc

Proof. Applying a similar approach as in the proof of Lemma 2.3, we first have

1 vy
V(m,mw) = i Qe Y

in the sense of distributions. Making use of the coarea formula and Lemma 2.2,

v(hﬂllnlfll)’ // If [ |f (= )||(1n|1n|f( ))? 1ot

* 1
< dt—/ —dt:/ —dt<1
/0 t|1nt|(ln|lnt|) m1o0 t(Int])? 1o t2

In the case when p > 1, there exists some 0 < < 1 by (2.12), and some small ¢, > 0 such

that
V
ol

s V()] W
e o)l O i
dt.

N/O - 1B|1nty(1n\1nt|)2

Since p — (p — 1)B > 1, the last term is divergent. This completes the proof of the theorem. [

3 Proof of Theorem 1.3

To prove Theorem 1.3 for holomorphic functions, we shall need the following well-known complex
version Hironaka’s resolution of singularity theorem. See, for instance, a lecture note [4].

Theorem 3.1. Let f be a holomorphic function defined near a neighborhood of 0 € C". Then
there exists an open set U C C" near 0, a complex manifold U of dimension n and a proper
holomorphic map ¢ : U — U such that

1). ¢: U\f—1(0)~—> U\ f74(0) is a biholomorphism, where f~1(0) := {p € U : ¢(p) € f~1(0)}.
2). For each p € U, there exist local holomorphic coordinates (wy, . .., w,) centered at p, such that
near p one has

fo¢(w) = u(w) - M wj
where u is holomorphic and u # 0, k; € Z* U {0}.

Proof of Theorem 1.3: 1). Since df = 0, and according to Lemma 2.3,

af

YT

€ Lin(U)



in the sense of distributions, we only need to show that

_ofF
f-(nlf)?

On the other hand, making use of Hironaka’s resolution of singularity Theorem 3.1 for holomorphic

€ Lloc<U)

functions for every p € f=1(0), let (V,1) be a coordinate chart near p in U such that for
weY(V)C{weCm: |u| < i},
fw):= fopoy™(w) =u(w) T wf

where u # 0 on (V) and k; € Z* U {0}. Let V := ¢(V), ® := ¢ o ¢!, and Jace be the
complex Jacobian of the holomorphic map ®. Note that the inverse matrix (Jace)™! is smooth

on (\7 \ ff—l\(ﬁ)>, and

—_—

|(Jace) ' (w) - det(Jace)(w)| S 1 for all w € 4 <i7 \ f‘1(0)> :

By change of variables formula,

|af B (SR
/ REECI >|>4dVZ‘L1<V\fl(Of FORMIfG >|>4dVZ>
19, F(w)]?|(Jace)~

(w)P :
< _ det(Jace (w))|“dV,,
<) () F@RnFw et

(
</ _ Oufw)
~ Ju@y | F(w)2(In | fw))r

Thus, the proof boils down to showing that for j =1,...,n,

/ Ou, J )P ) (3.1)
| f(w)2(In | f(w)])*

For simplicity, let j = 1in (3.1). If ky = 0, then 9, f(w) = Oy u(w) - 7wk, Since
< 1 and u # 0, when w is near 0,

(lnlf(w)l)

BT ) N ) |
() Rn [ Fw))* Ju(w)2(in]fw)?

So (3.1) holds. If ky > 0, then 9y, f(w) = Dy, u(w) - I, w + kyu(w) - wi* =" - I, w. Hence

10w f () ? < | Oy () ? ki - 1

[f(w) P f(w))* ™ fu(w)[2(n | f(w )|)4+|w1|2(1n|f(w)|)4N1+Iw1|2(ln|f(w)|)4'

Note that when w is close to 0,

In |u(w \+Zk In |w;|| > — In |w:]. (3.2)

| fw)l| =



This leads to

Dy F(0)? )
_ T gy, <1 — .V,
/m F(w) P [ (w)])? +/w 2 T PIn fur f

(
21
<1 —i—/ ds S 1.
o S(lns)?
(3.1) and thus part 1) are proved.

2). Let U; be an open subset of U such that f~'(0) N U; is regular. Then there exists a
holomorphic coordinate change on U; such that under the new coordinates (wy, ..., w,), one has
w, = f(z). As a consequence of this,

o.f | / o-f | / 1 /EO 1
— 1 dV, > — | dV, = AV 2 ——ds
/U [ (nf])? o |- (nff])? Uy |wnl? 0w, [* o SPlIns|?%
for some €y > 0. Since p > 2, the last term is unbounded. This proves part 2). O

Proof of Corollary 1.4: The proof is similar to that of Corolary 1.2, with Theorem 1.1 substituted
by Theorem 1.3, and is omitted. O]

An application of Theorem 1.3 is to provide ample data to the O problem in complex analysis,

in particular, within the framework of Hérmander’s classical L? theory for d-closed forms with L2 .

coefficients. Normally, generating smooth data is straightforward. In the following, we construct
data with singularity on complex analytic varieties, where Hormander’s theory can still be applied.

Example 1. Let Q2 be a pseudoconvex domain in C™. Let f be a nonconstant holomorphic function
on Q such that f~1(0) # 0. Choose a monotone increasing function x € C*([0,00)) such that

Xt) =tif0<t <% and x(t) =5 ift > 1. Then g = m € Wo2(Q) by Theorem 1.3.
2

Furthermore, u := 0g is a 0-closed (0,1) form with L% coefficients with singularity at f=(0).
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